In a recent study the coalescence of magnetic skyrmions was observed in a metallic chiral magnet Fe 0.5 Co 0.5 Si when the skyrmion phase is destroyed, and numerical simulations demonstrated the existence of a monopole at the merging point of two skyrmion lines. The exchange interaction between such magnetic textures and the conduction electrons can be described by emergent electromagnetism. In this paper, we investigate the effect of a skyrmions-merging process on conduction electrons by calculating induced electric currents. Here, in addition to the exchange interactions, we consider the antisymmetric spin-orbit couplings (SOC) due to broken inversion symmetry, which is an essential ingredient for the realization of skyrmion texture in the itinerant magnet Fe 0.5 Co 0.5 Si. We obtain an adiabatic current which is dissipationless, and dissipative currents driven by the effective electromagnetic fields including the effect of SOC. In terms of the effective fields, a moving monopole at the merging point turns out to be a dyon-like object; i.e. it has both electric charge and magnetic charge.
Introduction
Dynamics of topologically stable objects such as vortices often induce novel properties in a wide range of phenomena. In a certain class of superconductors, for example, dynamics of vortices changes the electromagnetic properties. Such topologically stable objects are also realized in chiral magnets as magnetic skyrmions. Magnetic skyrmions have been intensively studied both experimentally [1] [2] [3] [4] [5] and theoretically. [6] [7] [8] The formation of a lattice of skyrmion lines was observed in three-dimensional materials such as MnSi 1) and Fe 1−x Co x Si.
3) (See Fig. 1 (a) for an illustration). Recently a new kind of dynamics was observed when the skyrmion phase is destroyed in a metallic chiral magnet Fe 0.5 Co 0.5 Si. 9) On the surface of the sample, it was observed that two skyrmions coalesce into one elongated skyrmion, which implies the existence of a defect of the magnetic texture because of a nontrivial topology of a skyrmion; a single skyrmion cannot be removed by continuous deformation without any defects. The numerical simulation clarified the dynamics of spins in a bulk crystal, and found the creation and motion of a point defect with a non-trivial texture, a hedgehog monopole, at the merging point. This dynamics of skyrmions and monopoles is supposed to lead new phenomena.
Skyrmions have attracted attention not only for the topological stability but also for their interactions with conduction electrons. In the presence of strong exchange interaction, topological magnetic textures, such as skyrmions and monopoles, can be sources of emergent electromagnetic fields, giving rise to nontrivial Berry curvatures. 10, 11) Such emergent electromagnetic fields act on conduction electrons just like the electromagnetic field. The topological Hall effect, for example, is induced by the emergent magnetic field of skyrmions, 12) since a skyrmion carries one quantum of emer- * takashima@scphys.kyoto-u.ac.jp gent magnetic flux. Furthermore a hedgehog monopole is regarded as a magnetic monopole, i.e., it carries one quantum of emergent magnetic flux. 9) Such emergent electromagnetism in the presence of above dynamics is expected to be further interesting, especially when we take into account the antisymmetric spin-orbit coupling (SOC), which leads to the Dzyaloshinskii-Moriya (DM) interaction. The DM interaction induces the formation of skyrmions in chiral magnets such as Fe 1−x Co x Si and MnSi. A recent study showed that DM interactions originate from the combined effects of the exchange interaction and the antisymmetric SOC due to broken inversion symmetry of the crystal structure. 13) In general, it is also known that an antisymmetric SOC causes intriguing properties such as an adiabatic current and an anomalous velocity. 14) Since Fe 1−x Co x Si and MnSi are itinerant magnets, the effect of the antisymmetric SOC on conduction electrons needs further investigations.
In this paper, we investigate electromagnetic effects on conduction electrons induced by skyrmions-merging dynamics with a monopole as shown in Fig. 1 (b) , where the exchange interactions and antisymmetric SOC are considered. Especially we calculate the electric current and the effective electromagnetic fields induced by the above dynamics assumed to be an adiabatic process. We demonstrate that the above process drives an adiabatic current which is dissipationless due to the antisymmetric SOC. Furthermore in terms of the effective field we obtained, the moving hedgehog monopole turn out to be a dyon 15) -like object; i.e. it has both electric and magnetic charges. This remarkable property is due to the dynamical effect; the antisymmetric SOC gives rise to the magnetoelectric effect.
We note that the effective fields due to antisymmetric SOC, especially Rashba SOC, under the strong exchange interaction has been studied by several authors. [16] [17] [18] We emphasize that the main purpose of this paper is to point out the abovementioned novel effect due to the interplay between the dynamics of topological objects and the magnetoelectric effect raised by the antisymmetric SOC, which has not been reported so far. The remainder of this paper is organized as follows. In Sect. 2 we will describe the system and derive a dissipationless current, which are independent of the relaxation time, by using the semiclassical theory of a wave packet. In Sect. 3 we calculate the effective electromagnetic field and a dissipative currents induced by the effective electromagnetic field within the quasiclassical approximation. In Sect. 4 the obtained effective fields and currents are evaluated for the process where two skyrmions merge with a monopole. It is found that the monopole behaves like a dyon in this process. Finally, we summarize the results in Sect. 5.
Dissipationless current
We consider conduction electrons in a three-dimensional chiral magnet described by the Hamiltonian
where σ is the vector of Pauli matrices in the spin space. The second term is the exchange interactions between the conduction electrons and the exchange field M(r, t) due to the magnetization, with the coupling constant J > 0. We assume that the magnitude of the exchange field is constant and only the direction varies slowly in space and time; M(r, t) = Mn(r, t) with n(r, t) = (sin θ cos φ, sin θ sin φ, cos θ). The third term is the antisymmetric SOC, with α so being the coupling constant, and g so (p) is the SOC field which arises due to the crystal structure without inversion symmetry. In the last term, we include an impurity potential v imp (r), which is assumed to be isotropic and independent of spins. In general, g so (p) is given by the average of the operator p × ∇V(r), where V(r) is a potential due to broken inversion symmetry, which depends on the detail of the crystal structure. 19) We, here, determine the form of g so (p) from the symmetry argument as follows. 19, 20) Firstly, g (p) · σ is required to be even under a time reversal transformation and to be odd under a parity transformation; therefore we obtain the condition, g(−p) = −g(p), by noting that the spin is odd under a time reversal transformation and even under a parity transformation. Secondly, we assume that g (p) · σ is invariant under all the symmetry operations of the point group which the crystal belongs to. MnSi, Fe 0.5 Co 0.5 Si and FeGe, where skyrmions are experimentally observed, have the cubic space group P2 1 3. The corresponding point group is the tetrahedral group T , which have neither inversion symmetry nor mirror symmetry. Assuming that the electron density is low, we just take the lowest order in p, g(p) = (p x ,p y ,p z ). This simple form can give rise to DM interactions which induce a helical ordered state and a skyrmion lattice state.
In this section we will calculate dissipationless currents driven by skyrmions-merging dynamics. Since the Hamiltonian depends on the exchange field n(r, t), which slowly varies in space and time, we adopt the semiclassical theory with wave packet dynamics. 21) Wave packet dynamics describes well such a situation by including Berry curvatures. Recently Freimuth et al. 13) applied this formalism to chiral magnets, and derived a DM interaction and an electric charge of skyrmions in a static skyrmion lattice. Here we calculate electronic current density in a dynamical situation.
Since the coupling constant α so in Eq. (1) determines the wavelength of a helix or the size of a skyrmion, we can introduce the characteristic length scale l sk which is written as
with k F being the Fermi wave number and ǫ F being the Fermi energy. We assume that the characteristic length of the variation of the exchange field n(r, t) is given by l sk . In the following calculation, we consider the case when the coupling constant J is large and the exchange field varies slowly on microscopic scales, i.e., we assume the following conditions
where t sk is the time scale of the variation of the exchange field in real time, and 2MJ is the scale of the exchange splitting. These conditions allow us to adopt an adiabatic approximation which assumes that the transitions between two bands are neglected. In the case without SOC, it corresponds to assuming that the spin will follow the direction of the exchange field locally in space and time. Here SOC field modifies the direction the spin follows depending on the momentum. Within the adiabatic approximation, we can construct a wave packet for each band. We follow a previous work 22) for the construction of wave packets and will not mention the de-tail here. In the following semiclassical formalism, we calculate the current from the Boltzmann transport equation, and the effect of the impurity potential can be included as a relaxation time approximation. Assuming that the spatial spread of the wave packet is much smaller than l sk , we can expand the Hamiltonian around the wave packet center r c as
where we include the spatial variation of the exchange field as a perturbation ∆H. Since the local Hamiltonian H c can be viewed as a homogeneous two level system, its eigenstates are written as
where Θ and Φ are defined by
Their eigenvalues are given by H c |ψ k± (r c , t) = 2 k 2 2m ± |h| |ψ k± (r c , t) . Then using these eigenstates as a basis, we can construct wave packets, which follow the equations of motion:
where σ = ± denotes band indices, r σ is the wave packet center, k σ is the mean wave vector of the wave packet, ǫ σ is the wave packet energy, and a 3 × 3 antisymmetric matrix Ω and a 3 component vector Ω are the Berry curvatures defined in the parameter space (r, k, t). The Berry curvatures of the unperturbed states, Eqs. (8) and (9), are given by 11, 13 ) Here the perturbation ∆H introduces corrections to the energy and the eigenstates, thus the above Berry curvatures. Firstly, the wave packet energy is given by the band energy of H c and a correction from ∆H, 13, 22) which is written as
where |W σ is the wave packet constructed from the unperturbed state. Note that the value of δǫ σ is the same in both bands. Secondary, ∆H gives the corrections to the above Berry curvatures, which are one order higher in (k F l sk ) −1 . 21) In the following, however, we will calculate the dissipationless current up to the order of (k
, and the unperturbed Berry curvatures are sufficient in this case.
From now on, we will calculate the induced dissipationless current, which is independent of the relaxation time. In a relaxation time approximation of the Boltzmann equation, such currents are obtained from the equilibrium distribution function. Note that dissipative currents flow as a result of the deviation from the equilibrium distribution, and we will calculate them in the next section. Using the velocities of the wave packet center, the dissipationless current density is given by
where e = −|e| is the electron charge, D σ (k, x) is the density of states in phase space, f (ǫ) is the Fermi Dirac distribution function. In our calculation, the chemical potential is assumed to be constant in space and time. Berry curvatures modify the density of states from (2π)
where Ω σ and J are 6 × 6 matrices which are given by 23 )
Now we solve Eqs. (13) and (14) forṙ σ , and calculate the current up to the order we consider. The obtained current is described by
where
The superscripts (0) and (2) denote the order of (k F l sk ) −1 and (ǫ F t sk / ) −1 to show that the Berry curvatures are expanded in the series of α noting the relation Eq. (2). If we assume (k B T/ǫ F ) ≪ 1 and (JM/ǫ F ) ≪ 1 with T being the temperature, we can perform the summation over the bands and obtain
where N(ǫ) is the density of states defined by
. Only the adiabatic current Ω kt remains within the order we consider, while other Berry curvatures does not contribute to the result. This adiabatic current is induced by the coupling between antisymmetric SOC and the time-dependent exchange field.
Dissipative current
In the last section, we derived the dissipationless part of the electric current by using the semiclassical theory: the equations of motion and the Boltzmann equation. From now we calculate the dissipative currents within the linear response against the temporal variance of the exchange field. Here we need to systematically expand the distribution function in the series of the derivatives, and thus it is more convenient to use the quasiclassical approach to the Green function rather than the Boltzmann equation. Our system in Eq. (1) can be described as the following Lagrangian in the second quantized form:
where c
) is the two-component spinor field operators for electrons with spin up (↑) and down (↓) along the z axis, which depend on the four-vector x = (r, τ) with τ being imaginary time. As described in the last section, H ex is the exchange interactions, H so is the antisymmetric SOC with
In addition, the same conditions, Eqs. (3) and (4), are assumed. To simplify the calculation we first make the spin quantization axis oriented along n(x) locally, 24, 25) and define new spinor field operators
U(x) transforms the exchange interactions term in Eq. (30) as
− (x) denotes the electrons antiparallel (parallel) to n(x). We then obtain the Lagrangian written in terms of the transformed field ψ(x) and
Considering that the electrons tend to be parallel or antiparallel because of the large exchange coupling, we then neglect the off-diagonal term in the transformed Lagrangian, which causes the spin-flip transitions between majority and minority spin states. Here we note that the diagonal part 
respectively. Here A em (x) and A em 0 (x) are the vector potential and scalar potential of the effective electromagnetic fields, socalled emergent electromagnetic fields. 10, 11, 26) The emergent electromagnetic fields can be written as
in the real time representation τ → it, where ǫ i jk is the antisymmetric unit tensor and the subscript (i, j, k) denotes the spatial coordinate (x, y, z). These emergent fields are described as the nonzero Berry curvatures Ω rr and Ω rt , and they act on electrons in the same manner as the electromagnetic field. In Appendix B, we demonstrate how A em (x) and A em 0 (x) appear in a Lagrangian without SOC. In our case, where SOC also gives rise to a force on electrons, we will treat it as the corrections to the emergent electromagnetic fields 16, 17) . After the adiabatic approximation, the Lagrangian is given by
where σ = ±, q + = −1 (q − = +1) is attributed to the upper (lower) band, and V(x)/ǫ F is of the order of (k F l sk ) −2 (See Appendix C). We will see that V(x) does not contribute to the final result.
For simplicity, we again introduce field operators with an additional phase written as ψ σ (x) = e
, where λ(x) will be determined later. Based on the above Lagrangian, we can define two independent Green functions G σ (x,
, which satisfy the Dyson equations
F Here ζ σ (x, −i ∇ r ) is the single-particle energy operator, and Σ σ (x, y) is the self energy operator due to the impurity potential.
To investigate the local response of electrons at (r 0 , τ 0 ) against spatial and temporal variations of the exchange field, we consider an area within a radius of k −1 F and /ǫ F from r 0 and τ 0 , respectively. By expanding slowly varying quantities around the point (r 0 , τ 0 ), we can treat such variations perturbatively. The single particle energy, in semiclassical form, can be expanded up to the order of (k
and the subscript µ denotes the spatial coordinate (µ = x, y, z).
In addition, we chose the form of λ(x) so that the effective scalar potential is zero up to the order we consider. The explicit form of λ(x) is written in Appendix C. In the above mentioned area around (r 0 , τ 0 ), the singleparticle energy operator describes a charged particle moving in space-time independent electromagnetic fields, which are written as
where the SOC-induced fields are given by
in real time, and the emergent fields E em (x) and B em (x) are given by Eqs. (38) and (39). As we can see in Eq. (42), the effective charge of the particle of each band is given by eq σ=± = ∓e. E so (x) and B so (x) are effective electric and magnetic fields, which originate from the antisymmetric SOC, and they are of the same order in powers of (k F l sk ) −1 as the emergent electromagnetic fields. The emergent electric and magnetic fields are described by the Berry curvatures Ω rr and Ω rt because they are due to the adiabatic motion of the spin, which follows the exchange field. On the other hand, the SOC-induced fields are not caused by the Berry curvatures; they are the response against the variance of the exchange field n(x) in the presence of the antisymmetric SOC.
Here we comment on the SOC-induced electric field. E so (x) can be viewed as a magnetoelectric effect 19) if we regard n(x) as an effective Zeeman field. The temporal variation of n(x) gives rise to the change in the spin distribution of conduction electrons, and it deforms the Fermi surface because of antisymmetric SOC, which couples the momentum and the spin of conduction electrons asymmetrically. Thus the term proportional to ∂ t n(x) act as an electric field.
We can now calculate the electric current by applying the quasiclassical transport equations derived by Houghton et al. 27) This formalism allows us to derive the linear response to the effective electric field. The detail of the derivation is presented in Appendix C, and here we present the final result. The impurity scattering is treated using the Born approximation, and the quasiparticle lifetime τ imp is introduced. Assuming τ imp /t sk ≪ 1 and MJ/ǫ F ≪ 1, we obtain the electric current
with x = (r, t). The first part represents the longitudinal current, while the second part the Hall current. Although electrons in the upper and lower bands have the opposite charge, the lower band electrons have the larger Fermi volume, which means that their contribution remain in the longitudinal current.
Evaluations -Skyrmions, monopole and emergent dyon
In this section, we evaluate the electric current and the effective electromagnetic fields in a skyrmions-merging process. First of all, let us explain how this process occurs in Fe 0.5 Co 0.5 Si. For the detail of the setup, we refer to the paper of Milde et al. 9) In Fe 0.5 Co 0.5 Si and MnSi, skyrmions form a two-dimensional triangular lattice which is translationally invariant in the direction parallel to an applied magnetic field (See Fig. 1 (a) for the illustration). In a bulk crystal, such a skyrmion lattice is observed only in a narrow region of the temperature and magnetic field phase diagram, which locates just below the critical temperature of the ordered phase. When the skyrmion lattice is cooled keeping the applied field unchanged, however, it survives as a metastable state over a wide temperature range. Then, well below the critical temperature, by decreasing the magnetic field, they observed that neighboring skyrmions coalesce into one elongated skyrmion; the number of skyrmions is reduced. The driving force of the dynamics originates from the energy difference between the metastable state and the lower energy state without skyrmions.
Our study focuses on dynamics of two lines of skyrmions merge, which was observed in their numerical simulation inside a bulk crystal. We consider a three-dimensional model of n(x) which varies in space and time (See Fig. 1(b) for the illustration). Here the skyrmion helicity, the spin swirling direction, is chosen so that it corresponds to the case of α so > 0; they are related by the sign of the DM interaction. We will only present the result for α so > 0 here, and comment on the case of α so < 0 later. Our model describes that a hedgehog monopole moves at a constant speed in the positive z direction, and two lines of skyrmions coalesce into one skyrmion with a larger radius. Here two skyrmions get closer as the monopole approaches, and after the monopole passes through the single skyrmion does not vary in time. Further detail of this model is presented in Appendix D.
Here we comment on the topological aspect.
9) The integral of the emergent magnetic field (Eq. (39)), over a closed surface is proportional to the topological invariant, the number of times the map n(x) covers the unit sphere. By identifying the boundary of an area, an area can be compactified to a sphere, closed surface. A hedgehog monopole and a skyrmion are characterized by this topological number. In our model, a xy plane above the monopole gives the topological number −2, which indicates that two quanta of emergent magnetic flux flows in the negative z direction. On the other hand, a xy plane below the monopole gives the topological number −1. Thus, the topological number of a sphere surrounding the monopole is −1; it is an magnetic anti-monopole of the emergent field because it absorbs one quantum of emergent magnetic flux. From now, to investigate the electrodynamics induced by a moving monopole, we consider a plane right above the point defect, which is described in Fig. 4 (a) , at a certain time t = t 1 . We define the z coordinate of the plane as z = z 1 . The distance of the plane and the point defect is nearly equal to the radius of a single skyrmion. First of all, we show the in-plane flow of the dissipationless current, the adiabatic current (Eq. (27)) in Fig. 4 (b) . It is driven by the motion of the exchange field when the centers of the skyrmions move. Approximately, the direction of the current is the opposite to the velocity of a skyrmion in the x direction.
Then we calculate the distribution of the effective field due to the the dynamics, which drive the dissipative currents. There are two contributions in the effective field in Eqs. (45) and (46); the emergent electromagnetic field and the field due to SOC. Let us first consider the emergent electromagnetic field. As mentioned above, the hedgehog monopole has a quantized magnetic charge. Fig. 4 (c) Note that the monopole emits the half of the incoming flux in negative z direction. Since the flux is confined in skyrmions, the distribution of the magnetic field around the monopole is anisotropic. In addition, from Eqs. (38) and (39) one obtains the relation
which is the same as the Maxwell-Faraday equation. Thus the circular electric field occurs in a xy plane as the magnetic monopole moves in the z direction. Next we consider the SOC-induced electromagnetic field, particularly focus on the electric field, which is proportional to −∂ t n. The z component of the electric field has a nonzero value as shown in Fig. 4 (d) , while the x and y components are zero on average in a xy plane. Furthermore, the electric field does not exist below the monopole since we assume n(x) is time-independent after the monopole passes through. Thus moving monopole can be viewed as emitting nonzero electric field, and we can regard the moving monopole as having electric charge of the SOC-induced electric field. Note that this feature can not be obtained in terms of the the emergent electric field, Eq. (38). This is the main result of this paper. The hedgehog monopole can be viewed as having both the electric charge and the magnetic charge in terms of the effective electromagnetic field in Eqs. (45) and (46) . In other words, the moving monopole at the merging point of skyrmions behaves like a dyon for conduction electrons.
We here discuss on the above result that a monopole act as a dyon-like particle. Firstly, to obtain the result, we assume that the single skyrmion after coalescing is larger than one before coalescing, which leads that the time derivative of n z (x) is negative on average around the merging point. In experiments an elongated skyrmion was observed after coalescence, and thus the assumption is not model specific. Secondly, in the above, we considered a hedgehog monopole with the topological number −1, which has negative magnetic charge and positive electric charge. On the other hand, a hedgehog monopole with the topological number +1 is generated at the same time. 9) In this case, the monopole has positive magnetic charge and negative electric charge. Finally, the effective electric charge in a monopole in this paper is distinguished from the charge in a skyrmion studied by Freimuth et al. 13) We define the electric charge using the effective electric field induced by the dynamical effect, while Freimuth et al. argued the concentration of the electron density due to the static effect.
In the merging process, the SOC-induced electric field is considered to be weaker than the emergent electric field, though they are of the same order in (k F l sk ) −1 . This is because the spatial variation is larger than l −1 sk around the merging point of skyrmions. However, the directional dependence may allow us to detect the SOC-induced field. The SOC-induced electric field is parallel to the z direction, while the emergent electric field has the in-plane direction, which is circular in a xy plane.
So far we have shown the result for α so > 0. On the other hand, for α so < 0 we consider the skyrmions with the opposite helicity because of the opposite sign of the DM interaction. In this case, the induced in-plane adiabatic current is the same, but the z component of the SOC-induced electric field has the opposite sign. Thus the sign of the electric charge of a monopole is the opposite, while the magnetic charge is the same because the emergent electromagnetic fields are independent of the SOC. The sign of a DM interaction is known to be changed by the chirality of the crystal, which can be different in crystal domains. 28) This fact is supposed to give the variation of the property of a 'dyon'.
Summary
In this paper, we have investigated the electric currents and the effective electromagnetic field induced by the adiabatic dynamics of two skyrmions merging in a chiral magnet. By taking into account the antisymmetric SOC, we have obtained two types of contributions to the electric current: a dissipationless current; and a dissipative currents driven by the effective electromagnetic fields. The flow of the dissipationless current, an adiabatic current, and the spatial distribution of the effective field were evaluated in the above dynamics, and in terms of the effective electromagnetic fields the monopole at the merging point of two skyrmions turned out to be a dyonlike object. Our work has pointed out novel properties due to the interplay between the antisymmetric SOC and the dynamics of topological objects, skyrmions and a monopole. We expect that such properties also provide the controllability of the topological objects.
Appendix A: Berry curvatures and wave packets
In Appendix A, we indicate the definitions of the Berry curvatures following Xiao et. al.
11) Firstly, we derive the Berry curvatures for unperturbed states, Eqs. (8) and (9) . We rewrite the eigenstates as
where σ = ± denotes the band index and |u σ depends on (k, r, t). Their Berry connections A are defined by
Then the Berry curvatures are given by, for example, 
Appendix B: Emergent electromagnetic fields
Here, we show emergent electromagnetic fields without SOC. 10, 11) We consider a Lagrangian
which is written as
by using Eqs. (29) and (30). We then rewrite the Lagrangian using ψ(x) = U † (x)c(x) as
We neglect the off-diagonal term which causes spin-flip transitions considering the exchange splitting is large. Thus the Lagrangian is
where the potential V ′ (x) = 
Appendix C: Quasiclassical calculations for the dissipative currents
In Appendix B, we give the detail of the calculation in Sect. 3. We begin with the Lagrangian in Eq. (40)
where the potential V(x) is given by
We then express the Lagrangian using ψ
Based on the Lagrangian, we write the Dyson equation for
where the one particle energy is given by
In the following we do not the take summation over repeated σ. To investigate the local response to the variations of the exchange field, we expand ζ σ (x, −i ∇ x ) around a point x 0 as described in Sect. 2. Here we choose λ so that it satisfies i 2e
We then obtain the one particle energy in Eq. (42). From these Dyson equations, we calculate the electric currents using quasiclassical transport equations derived by Houghton et al. 27) For the detail of the formalism we refer to Houghton et al., and we here present how to apply the formalism to our case. We introduce the Wigner transformation of the Green function,
where R = (x + x ′ )/2 and r = x − x ′ are center of mass and relative coordinates, respectively. For a local operator we introduce the circle product, which is written by
Using the above relation we can write the Dyson equation as
We can also write the Dyson equation in the form
which has the same physical information as Eq. (C·11). The single particle energy in Eq. (42) can be rewritten up to the second order of as
where 
Here we change the variables ( p, R) to (s, ζ σ , R) with s being a parametrization of the Fermi surface, and introduce a quasiclassical propagator
In addition, we transform it to the fermionic frequencies ω n = (2n + 1)πT ,
The Fermi velocity v(s) is defined as
and in the following we assume a spherical Fermi surface; v σ ≡ v σ (sin Θ cos Φ, sin Θ sin Φ, cos Θ) with Θ and Φ being the parameterizations of the Fermi surface. The self energy is approximated by the value at | p| = p F , and defined by σ σ (s, R; ω n , ω ′ n ). We here use the Born approximation to deal with the isotropic impurity scattering, thus the self energy is written as
where τ imp is the quasiparticle lifetime.
To calculate the electric current within the linear response, we separate the integrated Green function as g σ (s, R; ω n , ω
σ (s, R; ω n , ω n − ω m )
where g (0) (ω n ) is the unperturbed Green function and g (1) (s, R; ω n , ω n − ω m ) is the first order part in T m . Using the above separation, the electric current is given by j(R) = σ=± ω n πN(µ σ )eT ds 2 v σ (s)g (1) σ (s, R; ω n , ω n − ω m ),
where N(ǫ) is the density of states and the sum over σ indicates including the contributions of the majority and minority bands. We assume that ǫ F τ imp (k F l sk ) −2 ≪ 1, which corresponds to the ω c τ imp ≪ 1 where ω c is the cyclotron frequency of the field ∇ × u(R). We then calculate perturbatively and obtain j(R) = − e 
where we used that JM/ǫ F ≪ 1. On the other hand, the plane (c) locates below the merging point and N sk = −1 over the plane.
